We show that a 3−dimensional paracontact manifold on which Qϕ = ϕQ is either a manifold with trh 2 = 0, flat or of constant ξ−sectional curvature k = −1 and constant ϕ-sectional curvature −k = 1.
Introduction
The assumption that (M 2n+1 , ϕ, ξ, η, g) is a paracontact metric manifolds is very weak, since the set of metrics associated to the paracontact form η is huge. Even if the structure is η−Einstein we do not have a complete classification. Also for n = 1, we known very little about the geometry of these manifolds (see [5] ). On the other hand if the structure is para-Sasakian, the Ricci operator Q commutes with ϕ (see [5] ), but in general Qϕ = ϕQ and the problem of the characterization of paracontact metric manifolds with Qϕ = ϕQ is open. In [2] Tanno defined a special family of paracontact metric manifolds by the requirement that ξ belong to the k−nullity distribution of g. We also know very little about these manifolds (see [5] ). In this paper, we show that a 3−dimensional paracontact manifold on which Qϕ = ϕQ is either a manifold with trh 2 = 0, flat or of constant ξ−sectional curvature k = −1 and constant ϕ-sectional curvature −k = 1.
Preliminaries
A C ∞ manifold M (2n+1) is said to be paracontact manifold, if it carries a global 1−form η such that η ∧ (dη) n = 0 everywhere. We assume throughout that all manifolds are connected. Given a paracontact form η, it is well known that there exists a unique vector field ξ, called characteristic vector field of η, satisfying η(ξ) = 1 and dη(ξ, X) = 0 for all vector fields X. A pseudo-Riemannian metric g is said to be an associated metric if there exists a tensor field ϕ of type (1, 1) such that
From these conditions one easily obtains
The structure (ϕ, ξ, η, g) is called a paracontact metric structure, and a manifold M 2n+1 with paracontact metric structure (ϕ, ξ, η, g) is said to be a paracontact metric manifold.
Denoting by £ and R the Lie differentiation and the curvature tensor respectively, we define the operators τ , l and h by
The (1, 1)−type tensors h and l are symmetric and satisfy (2.4) lξ = 0, hξ = 0, trh = 0, trhϕ = 0 and hϕ = −ϕh.
We also have the following formulas for a paracontact manifold:
where tr is the trace of the operator, Q is the Ricci operator and ∇ is the Levi-Civita connection of g. The formulas are proved in [4] . A paracontact metric manifold for which ξ is Killing is called a K − paracontact manifold. A paracontact structure on M (2n+1) naturally gives rise to an almost paracomplex structure on the product M (2n+1) ×ℜ. If this almost paracomplex structure is integrable, the given paracontact metric manifold is said to be a para-Sasakian. Equivalently, (see [4] ) a paracontact metric manifold is a para-Sasakian if and only if
for all vector fields X and Y . It is easy to see that a 3−dimentional paracontact manifold is para-Sasakian if and only if h = 0. For details we refer the reader to [3] , [4] .
A paracontact metric structure is said to be η − Einstein if
where a, b are smooth functions on M (2n+1) . We also recall that the k−nullity distribution N (k) of a pseudo-Riemannian manifold (M, g), for a real number k, is the distribution
for any X, Y ∈ T p M (see [2] ). Finally, the sectional curvature K(ξ, X) = ǫ X R(X, ξ, ξ, X), where |X| = ǫ X = ±1, of a plane section spanned by ξ and the vector X orthogonal to ξ is called ξ-sectional curvature, whereas the sectional curvature K(X, ϕX) = −R(X, ϕX, ϕX, X), where |X| = −|ϕX| = ±1, of a plane section spanned by vectors X and ϕX orthogonal to ξ is called a ϕ-sectional curvature.
Main result
Before we state our main result we need the following lemma which was proved in [5] , but we include its proof here for completeness and because we will use many of formulas which appear in the proof. Proof. We recall that the curvature tensor of a 3-dimensional pseudo-Riemannian manifold is given by
where scal is the scalar curvature of the manifold.
Using ϕQ = Qϕ, (2.7) and ϕξ = 0 we have that
From (3.13) and using (2.3) and (3.14), we have that for any X,
and hence ϕQ = Qϕ and ϕξ = 0 give
By virtue of (3.16), (2.8) and (2.9), we obtain
and ∇ ξ h = 0. Differentiating (3.17) along ξ and using (2.6) and ∇ ξ h = 0 we find that ∇ ξ l = 0 and therefore ξtrl = 0. If at point p ∈ M 3 there exists X ∈ T p M , X = ξ such that lX = 0, then l = 0 at the point P . In fact if Y is the projection of X on D, we have lY = 0, since lξ = 0. Using (3.16) we have lϕY = 0. So l = 0 at the point P (and thus trl = 0 at the point P ). We now suppose that l = 0 on a neighborhood U of the point P . Using (3.16 ) and that ϕ is antisymmetric, we get g(ϕX, lX) = 0. So lX is parallel to X for any X orthogonal to ξ. It is not hard to see that lX = trl 2 X for any X orthogonal to ξ. Thus for any X, we have 
So using ξtrl = 0 and ∇ ξ ξ = 0, from (3.20) with X = Y = ξ, we have (∇ ξ Q)ξ = 0. Also using hϕ = −ϕh, and (2.5), from (3.20) with X = Y orthogonal to ξ, we get
But it is well known that
for any unit vector X orthogonal to ξ. Hence, we easily get from the last two equations that ξ(scal) = 0, and thus ∇ ξ Q = 0. Therefore, differentiating (3.13) with respect to ξ and using ∇ ξ Q = 0, we have ∇ ξ R = 0. So from the second identity of Bianchi, we get
Using (3.24), we obtain (∇ X R)(Y, ξ, ξ) = X(trl) 2 Y , for X, Y orthogonal to ξ. From this and (3.22) for Z = ξ, we get (Xtrl)Y = (Y trl)X. Therefore Xtrl = 0 for X orthogonal to ξ, but ξ(trl) = 0, so the function trl is constant and this completes the proof of the Lemma. [6] gives that M 3 is flat.
We have the following Proof. We can easily see from the proof of Lemma 3.1 and Remark 3.2 that if trl = 0, l = 0 in turns out that M 3 is flat. We can easily see from the proof of Lemma 3.1 that if k = −1, then trl = −2 and using (2.7), we have that M 3 is a manifold with trh 2 = 0.
Let a trl = 0 then by P roposition 3.3 and (2.12) we have
where k = trl 2 = −1 and k = 0. This implies that
as was pointed out by S. Zamkovoy ([4] ); in fact this is true for any 3-dimensional paracontact manifold ( [3] ). Computing R(X, Y )ξ from (2.5) we have
Then using (3.25) and (3.26) we have
When we have k > −1, then the operator h is diagonalizable (see [1] ). Now let X be a unit eigenvector of h (i.e. |X| = ǫ X = ±1), say hX = λX, X ⊥ ξ. Since trh 2 = 2(k + 1), λ = ± √ k + 1 and hence is a constant. Setting Y = ϕX, (3.27) yields ϕ((∇ X h)ϕX − (∇ ϕX h)X) = 0 from which (3.28) ϕ(−λ∇ X ϕX − h∇ X ϕX − λ∇ ϕX X + h∇ ϕX X) = 0.
Takeing the inner product of (3.28) with X and recalling that ϕh + hϕ = 0, we have λg(∇ ϕX X, ϕX) = 0.
Since λ = 0 (k > −1) and X is unit, ∇ ϕX X is orthogonal to both X and ϕX and hence collinear with ξ. Now η(∇ ϕX X) = g(∇ ϕX X, ξ) = −g(X, ∇ ϕX ξ) = −g(−X − hX, X) = ǫ X (λ + 1).
Therefore ∇ ϕX X = ǫ X (λ + 1)ξ. Similarly taking the inner product of (3.28) with ϕX yields ∇ X ϕX = ǫ X (λ − 1)ξ and in turn ∇ X X = 0 and [X, ϕX] = −2ǫ X ξ. Now from the form of the curvature tensor (3.23), we have R(X, ϕX)ϕX = −ǫ X ( scal 2 − trl)ϕX and by direct computation using ∇ X ξ = (λ − 1)ϕX,
Thus
Now computing R(ξ, X)ξ, by ((3.25)) and by direct computation, we have
from which scal = 2(λ 2 − 1) = 2k. From (3.25) and (3.23) we see that K(X, ξ) = k and K(X, ϕX) = −k as desired.
When we have k < −1, then the operator ϕh is diagonalizable (see [1] ). Now let X be a unit eigenvector of ϕh (i.e. |X| = ǫ X = ±1), say ϕhX = λX, X ⊥ ξ. Since trh 2 = 2(k + 1), λ = ± −(k + 1) and hence is a constant. Setting Y = ϕX, (3.27) yields (∇ X ϕh)ϕX − (∇ ϕX ϕh)X = 0 from which (3.29) − λ∇ X ϕX − ϕh∇ X ϕX − λ∇ ϕX X + ϕh∇ ϕX X = 0.
Takeing the inner product of (3.29) with ϕX and recalling that ϕh + hϕ = 0, we have λg(∇ ϕX X, ϕX) = 0. Since λ = 0 (k < −1) and X is unit, ∇ ϕX X is orthogonal to both X and ϕX and hence collinear with ξ. Now
Therefore
∇ ϕX X = ǫ X ξ. Similarly taking the inner product of (3.29) with X yields ∇ X ϕX = −ǫ X ξ and in turn ∇ X X = −ǫ X λξ and [X, ϕX] = −2ǫ X ξ.
Now from the form of the curvature tensor (3.23), we have R(X, ϕX)ϕX = −ǫ X ( scal 2 − trl)ϕX and by direct computation using ∇ X ξ = −ϕX + λX,
Now computing R(ξ, X)ξ, by ((3.25)) and by direct computation, we have Definition 3.5. A paracontact metric structure (ϕ, ξ, η, g) is said to be locally ϕ− symmetric if ϕ 2 (∇ W R)(X, Y, Z) = 0, for all vector fields W, X, Y, Z orthogonal to ξ.
In [5] it is proved the following which is valid on any paracontact metric manifold M 3 with Qϕ = ϕQ.
From T heorem 3.6, we get that a locally ϕ−symmetric paracontact metric manifold M 3 is a manifold with either scal = 3trl, scal = −12 or trl = −4.
